Back-action evading measurement of the collective mode of a
  Bose-Einstein condensate by Fani, M. & Dalafi, A.
Back-action evading measurement of the collective mode of a Bose-Einstein
condensate
M. Fani1 and A. Dalafi1∗
1 Laser and Plasma Research Institute, Shahid Beheshti University, Tehran 19839-69411, Iran
(Dated: December 24, 2019)
In this paper, we investigate theoretically the back-action evading measurement of the collective
mode of an interacting atomic Bose-Einstein condensate (BEC) trapped in an optical cavity which
is driven coherently by a pump laser with a modulated amplitude. It is shown that for a specified
kind of amplitude modulation of the driving laser, one can measure a generalized quadrature of
the collective mode of the BEC indirectly through the output cavity field with a negligible back-
action noise in the good-cavity limit. Nevertheless, the on-resonance added noise of measurement
is suppressed below the standard quantum limit (SQL) even in the bad cavity limit. Moreover,
the measurement precision can be controlled through the s-wave scattering frequency of atomic
collisions.
I. INTRODUCTION
Since the advent of quantum mechanics the measure-
ment of systems without destroying the quantum effects
has been a very important and challenging issue [1]. As
is well-known, the presence of decoherency and different
kinds of noises limit the precision of measurements [2].
Generally, in every continuous measurement of a quan-
tum system there are three noise sources, the thermal,
the imprecision and the back-action noise [2]. The classi-
cal thermal noise can be suppressed by cooling the system
to cryogenic temperatures, but the balance between the
imprecision and the back-action noises imposes a stan-
dard quantum limit (SQL) on the measurement precision
which originally arises from the Heisenberg uncertainty
relation [2].
However, in many cases such as gravitational wave de-
tection [3, 4], quantum information protocols [5–7], op-
tical atomic clocks [8] etc., a measurement precision be-
yond the SQL is essential. Therefore, the development
of high-precision quantum measurement is crucial for the
future of quantum technologies. For this reason, in the
last decades many efforts have been made to beat the
SQL and various methods have been proposed which can
be divided into three general categories [9]. The First
one is based on the generation of correlations between
the imprecision and the back-action noise by modification
of the input field for example by using the squeezed in-
put light [10, 11]. The Second category contains methods
which modify the dynamics of systems to cancel the back-
action noise such as coherent quantum noise cancellation
(CQNC) through the introduction of a negative mass os-
cillator [12–15] or suppress the noises and amplify the
signal simultaneously through parametric modulation of
the system parameters [16, 17]. The last one which is
discussed in this paper is the quantum non-demolition
(QND) measurement [3, 18, 19]. It is based on the mea-
surement of a special observable which is not affected by
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the back-action noise at the price of injection of a large
back-action noise to its conjugate operator.
The QND measurement which is also called the
back-action evasion measurement was first introduced
by Braginsky et al. [3] to the purpose of the gravitational
wave detection and then it was applied to other cases
such as spin measurement [20], atomic magnetometery
[21], single photon detection [22], and measurements
based on optomechanical cavities [23, 24]. In the
QND measurement, in order to evade the back-action
noise, one measures a so-called QND variable, As, of
a quantum system with Hamiltonian Hs which should
satisfy the condition, [As(t), As(t
′)] = 0 in the ideal
situation. The most famous continuous QND variables
are those which are conserved during the free evolution,
i.e., they satisfy the equation i~∂As∂t + [As, Hs] = 0
[3, 25]. In addition, the QND measurement is an indirect
measurement so that the system variable is measured
indirectly by an observable Ap of another quantum
system, the so-called probe system, with Hamiltonian
Hp which has been coupled to the system through an
interaction Hamiltonian, HI as has been demonstrated
in Fig.1(a).
In order to have an ideal QND measurement, HI has
to fulfill the following requirements [26]: (i) ∂HI∂As 6= 0,
(ii) [As, HI ] = 0, and (iii) [Ap, HI ] 6= 0. Based on the
first condition, the interaction Hamiltonian should be di-
rectly dependent on the system variable. The second
condition ensures that the coupling of the system to the
probe dose not affect the dynamics of the system vari-
able (back-action evasion criterion). The third condition
requires that the interaction Hamiltonian affects the dy-
namics of Ap so that the information corresponding to
As is transformed to Ap which is measured directly.
In order to realize the above-mentioned high preci-
sion quantum measurement methods, optomechanical
systems have been always considered as appropriate can-
didates. For example, there are several schemes for force
and mass sensors which have been proposed and imple-
mented in different optomechanical systems based on the
CQNC method [12–15] where the radiation pressure noise
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2FIG. 1. (Color online) (a) Schematic diagram for an indi-
rect measurement, (b) Schematic of a one-dimensional Bose
Einstein condensate trapped inside the optical lattice of an
optical cavity which is pumped coherently by a laser with
a modulated amplitude. Here, the Bogoliubov mode of the
BEC (the quantum system indicated by the green color) is
measured indirectly by the optical mode of the cavity which
plays the role of the quantum probe system (indicated by the
vertical red stripes).
is canceled by destructive interference through an anti-
noise path. Besides, a back-action evading measurement
of a cantilever has been also proposed in a standard op-
tomechanical cavity by a modulated input field which
also leads to the conditional squeezing of the mechanical
oscillator [27]. This scheme which is called the two-tone
back-action evading measurement has been realized ex-
perimentally [28, 29]. Furthermore, the problem of para-
metric instability of the present scheme has been inves-
tigated theoretically and experimentally [30, 31]. After
this proposal, modulated optomechanical systems have
attracted a lot of attention [32–36]. It can also be gen-
eralized to the back-action evading measurement of the
collective quadrature of two mechanical oscillators [37].
In addition, it has been found that the parametric modu-
lation of the spring constant can lead to the simultaneous
noise suppression and signal amplification [16, 17].
On the other hand, it has been shown [38] that a Bose-
Einstein condensate (BEC) of atoms trapped in an op-
tical cavity is equivalent to an optomechanical system
where the Bogoliubov mode of the BEC (the collective
excitation of condensate) plays the role of an effective
mechanical oscillator . Because of the robustness, low
decoherency, high controlability and the possibility to hy-
bridize with other systems such as mechanical resonators,
the BEC is an important system in observing the macro-
scopic quantum effects [39–43]. Besides, in ultracold
quantum gases the atomic collisions lead to a control-
lable non-linearity [44–47]. Furthermore, a BEC can be
considered as a tool to measure the acceleration (in par-
ticular the gravity acceleration) and thus acts as a force
sensor via measuring the Bloch oscillations in an optical
lattice [48–50].
Based on the the above-mentioned investigations, we
have been motivated to generalize the two-tone back-
action evading method proposed in Ref.[27] to an effec-
tive optomechanical system consisting of a BEC in order
to do a QND measurement of the collective excitation of
the BEC. For this purpose, we consider an atomic BEC
trapped in an effectively one-dimensional trap inside an
optical cavity which is pumped by an external laser with
a modulated amplitude. In the dispersive regime of atom-
field interaction and under the Bogoliubov approxima-
tion, the collective mode of the BEC behaves as an effec-
tive mechanical oscillator which couples to the radiation
pressure of the cavity. Here, the collective mode of the
BEC is considered as the quantum system to be measured
while the radiation pressure of the cavity field is used as
the probe system (Fig.1). In this way, we introduce a
QND observable for the BEC and determine the circum-
stances which the QND conditions are met. Then, it is
shown that the the collective excitation of the BEC can
be measured at the output of the cavity with a precision
under the SQL without disturbing the BEC dynamics.
The remainder of this paper is organized as follows, in
section II we introduce the physical model of the system.
In section III we study the dynamics of the system by
the input-output method. Section IV is dedicated to the
calculation of the Bogoliubov mode spectra. The output
field spectrum is also calculated in section V. In addition,
we discuss all the results in section VI and finally the
summary and conclusion are given in section VII.
II. PHYSICAL MODEL
As shown schematically in figure 1(b), we consider
a cigar-shaped BEC consisting of N identical two-level
atoms with mass ma and transition frequency ωa trapped
inside an optical cavity with length L. The cavity
is pumped coherently by a laser light with the time-
dependent amplitude η(t) and the central frequency ωp.
In the dispersive regime where ωp is far detuned from
the atomic resonance, i.e., when ∆a = ωp − ωa exceeds
the atomic linewidth by orders of magnitude, the excited
electronic state of the atoms can be adiabatically elimi-
nated and spontaneous emission can be neglected [51].
Besides, it is assumed that the atoms are trapped in
a cylindrical dipole trap where its longitudinal trapping
frequency is much smaller than its transverse frequency.
In this way, the dynamics of atoms can be described
within an effective one-dimensional model by quantizing
the atomic motional degree of freedom along the x axis
[52]. Therefore, the Hamiltonian of the system is given
by [43, 53]
H = ~ωca†a+i~η(t)
(
aeiωpt − a†e−iωpt)+HBEC+Hdiss,
(1)
3where HBEC is the BEC Hamiltonian which is given by
[51],
HBEC =
L/2∫
−L/2
dxΨ†(x)
[
− ~
2
2ma
d2
dx2
+ ~U0a†a cos2 (kx)
+
1
2
UsΨ
†(x)Ψ(x)
]
Ψ(x),(2)
and Hdiss denotes the dissipative processes correspond-
ing to both the cavity and the BEC [47]. Here, we have
assumed that a single-mode optical field has been formed
inside the cavity with the bare frequency ωc whose an-
nihilation (creation) operator is a(a†). In the equation
(2), Ψ(x) is the quantum field operator of the atoms
in the framework of the second quantization formalism,
k = ωp/c is the wave number of the optical field and
U0 = g
2
0/∆a is the optical lattice depth per photon
which results from the dispersive atom-cavity interac-
tion with the vacuum Rabi frequency g0. Besides, we
have also considered an atom-atom scattering term with
strength Us = 4pi~2as/ma where as is the s-wave scat-
tering length.
When the optical lattice is not very deep, i.e., if
the condition U0〈a†a〉 ≤ 10ωR is satisfied (here ωR =
~2k2/2ma is the recoil frequency of the condensate
atoms) and in the Bogoliubov approximation [43], the
matter wave operator can be expanded as a single mode
field [43, 53, 54]
Ψ(x) =
√
N
L
+
√
2
L
cos (2kx)c, (3)
where the first term denotes the condensate phase which
is written as a c-number in the Bogoliubov approxima-
tion and c is the annihilation operator of the first excited
mode. Substituting equation (3) in the Hamiltonian of
(2), the Hamiltonian (1) can be written in the rotating
frame at frequency ωp as follows
H = −~∆ca†a+ i~η(t)(a− a†) +Hc +Hdiss, (4a)
Hc = ~Ωcc†c+ ~ga†a(c+ c†) +
1
4
~ωsw(c2 + c†
2
),(4b)
where ∆c = ωp − ωc − 12NU0 is the effective detuning,
Ωc = 4ωR+ωsw is the effective frequency of mode c. The
second term of the Hamiltonian (4b) shows the coupling
of the cavity mode to the excited mode of the BEC with
the effective coupling strength g = U0
√
2N/4 which is
analogous to an optomechanical coupling. The last term
of (4b) arises from the atom-atom interaction with the
s-wave scattering frequency ωsw =
8pi~asN
maLw2
, where w is
the optical mode waist.
To diagonalize the BEC Hamiltonian (4b), we use the
following Bogoliubov transformation
b =
1
2χ
[(χ2 + 1)c+ (χ2 − 1)c†], (5a)
b† =
1
2χ
[(χ2 − 1)c+ (χ2 + 1)c†], (5b)
where χ = (Ω+/Ω−)1/4 and Ω± = Ωc ± 12ωsw. In this
way, the total Hamiltonian of the system in terms of the
Bogoliubov mode, b is given by
H = −~∆ca†a+ ~ωmb†b+ ~Ga†a(b+ b†)
+ i~η(t)(a− a†) +Hdiss, (6)
where ωm =
√
Ω−Ω+ is the effective Bogoliubov fre-
quency, and G = g/χ is the coupling strength. It should
be noticed that the Hamiltonian of equation (6) is quit
similar to a standard optomechanical system, but with
the time-dependent pump amplitude.
III. DYNAMICS OF THE SYSTEM
To describe the dynamics of the system, we use the
Hamiltonian of equation (6) to obtain the following
Heisenberg-Langevin equations
a˙ = i∆ca− κ
2
a+ η(t)− iGa(b+ b†) +√κain, (7a)
b˙ = −iωmb− γ
2
b− iGa†a+√γbin, (7b)
where κ and γ are, respectively, the decay rates of the
cavity and the Bogoliubov modes. In addition, ain and
bin are the input noise operators with thermal noise cor-
relation functions,〈
a†in(t)ain(t
′)
〉
= n¯tha δ(t− t′) (8a)〈
ain(t)a
†
in(t
′)
〉
= (n¯tha + 1)δ(t− t′), (8b)〈
b†in(t)bin(t
′)
〉
= n¯thb δ(t− t′), (8c)〈
bin(t)b
†
in(t
′)
〉
= (n¯thb + 1)δ(t− t′), (8d)
where n¯tha = (e
~ωc/kBT−1)−1 and n¯thb = (e~ωm/kBT−1)−1
are the thermal excitations of cavity and Bogoliubov
mode, respectively. Since ~ωc  kBT the thermal ex-
citation of the cavity is negligible.
Since equations (7a) and (7b) are nonlinear, they can-
not be solved analytically. Thus, to proceed, we write
the optical and atomic fields as the sum of their classical
mean values and quantum fluctuations as a = α(t) + δa
and b = β(t) + δb, respectively. It should be noticed that
due to the time dependence of the pump amplitude, the
mean fields, α and β are also time dependent and they
satisfy the following equations of motion
α˙ = (i∆′c − κ/2)α+ η(t), (9a)
β˙ = (−iωm − γ/2)β − iG|α|2, (9b)
where ∆′c = ∆c −G(β + β∗) is the effective detuning. In
addition, the linearized equations of motion correspond-
ing to the quantum fluctuations are given by
δa˙ = (i∆′c − κ/2)δa− iGα(δb+ δb†) +
√
κain, (10a)
δb˙ = (−iωm − γ/2)δb− iG(α∗δa+ αδa†) +√γbin.(10b)
4Notice that in equations (10a) and (10b) we have ne-
glected the terms which contain the product of two or
more fluctuating operators.
Now, by defining the optical quadratures X = 1√
2
(δa+
δa†) and Y = −i√
2
(δa− δa†), and the generalized Bogoli-
ubov quadratures which rotate at arbitrary frequency Ω,
QΩ =
1√
2
(δbeiΩt + δb†e−iΩt), (11a)
PΩ =
−i√
2
(δbeiΩt − δb†e−iΩt), (11b)
the following set of linearized equations will be obtained
by using the equations (10a) and (10b) and taking the
time derivative of the generalized Bogoliubov quadra-
tures,
X˙ = −∆′cY −
κ
2
X +
√
κXin
+ 2GImα(t)(QΩ cos Ωt+ PΩ sin Ωt), (12a)
Y˙ = ∆′cX −
κ
2
Y +
√
κYin
− 2GReα(QΩ cos Ωt+ PΩ sin Ωt), (12b)
Q˙Ω = (ωm − Ω)PΩ − γ
2
QΩ +
√
γQin
+ 2G sin Ωt(ReαX + ImαY ), (12c)
P˙Ω = −(ωm − Ω)QΩ − γ
2
PΩ +
√
γPin
− 2G cos Ωt(ReαX + ImαY ). (12d)
The above equations are quite general for any time-
dependence of the pump amplitude and any Ω, but since
we are interested in the QND measurement on the BEC,
we have to choose the parameters Ω and η(t), so that the
QND conditions are satisfied. Before that, let us remind
that the effective Hamiltonian from which the linearized
equations (12a)-(12d) are obtained can be written as fol-
lows
Heff = Hs +Hp +HI +Hdiss; (13a)
Hs =
1
2
~ωm(Q2Ω + P 2Ω), (13b)
Hp = −1
2
~∆′c(X2 + Y 2), (13c)
HI = 2~G(QΩ cos Ωt+ PΩ sin Ωt)(XReα+ Y Imα).(13d)
Here, the Hamiltonian of the system to be measured,
i.e., Hs, is that of the Bogoliubov mode of the BEC, Hp
is the Hamiltonian of optical mode of the cavity which
plays the role of the probe system and HI is the interac-
tion Hamiltonian between them. In addition, it is obvious
that the Heisenberg equations for QΩ(t) and PΩ(t) which
lead to the equations (12c) and (12d) should be consid-
ered as A˙ = 1i~ [A,Heff ] +
∂
∂tA for A = QΩ, PΩ because
of their explicit time dependence.
Now, based on the definitions of (11a) and (11b) to-
gether with the system Hamiltonian of (13b), the only
way to have the continuous QND variables, i.e., to fulfill
the condition, i~∂As∂t + [As, Hs] = 0, is that Ω = ωm. In
this way, the QND variables of the BEC can be defined
as Q ≡ Qωm and P ≡ Pωm . In fact, these quadratures
rotate at the effective Bogoliubov frequency ωm, so mea-
suring one of them does not lead to any back action due
to the free evolution. In the rest of this paper, we choose
Q as As, i.e., the QND operator of the system which is
going to to be measured. By this choice, the first condi-
tion of HI , i.e., the condition (i), is obviously fulfilled by
the interaction Hamitonian of (13d) because it depends
on Q. Furthermore, without loss of generality we can as-
sume Imα = 0, which is not very restricting and can be
achieved by adjusting the pump phase. Therefore, if we
choose Y as the probe operator AP , then the third QND
condition, i.e., the condition (iii), is also satisfied by the
interaction Hamiltonian (13d).
Nevertheless, by the above-mentioned choices the sec-
ond QND condition, i.e., the condition (ii), is not still sat-
isfied because [Q,HI ] = 2i~GXα(t) sinωmt 6= 0. How-
ever, if the Fourier transform of α(t) sinωmt only contains
terms with frequencies greater than or equal to 2ωm, and
also if the spectral density of the Bogoliubov mode is so
narrow that it dose not respond to the frequencies much
larger than ωm, i.e., if γ  ωm, then the effect of the
above mentioned commutator in the system dynamics
will be negligible. Although in this case the measure-
ment is not an ideal QND one, it can be considered as a
back-action evading measurement which can surpass the
SQL as will be shown in the next sections. One of the
simplest forms of α(t) which satisfies this condition is
α(t) = αmax cosωmt, (14)
where we will consider it as the optical mean field and will
also specify the explicit form of the time modulation of
the pump amplitude which leads to this mean-field ampli-
tude in the cavity (see equation. (16)). By substituting
equation (14) into the set of equations (12a)-(12d) the
Heisenberg-Langevin equations take the following form
X˙ = −∆′cY −
κ
2
X +
√
κXin, (15a)
Y˙ = ∆′cX −
κ
2
Y −Gαmax(1 + cos(2ωmt))Q
− Gαmax sin(2ωmt)P +
√
κYin, (15b)
Q˙ = −γ
2
Q+Gαmax sin(2ωmt)X +
√
γQin, (15c)
P˙ = −γ
2
P −Gαmax(1 + cos(2ωmt))X +√γPin.(15d)
As is seen from the set of equations of (15a)-(15d), for
∆′c = 0 the back-action noise of measurement which is
injected to the quadrature Q through the second term
in the right-hand side of equation (15c) is minimized be-
cause in this case, the extra noises corresponding to Y
are no longer transferred to Q due to decoupling of X
from Y .
Using the mean-field equation (9a) and considering the
above-mentioned conditions, the pump amplitude η(t)
corresponding to the intra cavity field amplitude (14) can
5be specified as
η(t) = ηmax cos(ωmt+ φ), (16)
where the amplitude and the phase are, respec-
tively, given by ηmax = αmax
√
κ2
4 + ω
2
m and φ =
arctan(2ωm/κ). The expression (16) shows that the
pump amplitude should be modulated at the frequency
of Bogoliubov mode which means the cavity should be
driven by two lasers tuned at the both first sidebands of
the cavity, i.e., ωp±ωm, with the same amplitude, ηmax/2
and with the phase difference, φ where ωp is determined
by the resonance condition ∆′c = 0. In addition, putting
α(t) of equation (14) and the Fourier series of β(t), i. e.,
β(t) =
∑
n βne
inωmt in equation (9b), we find that the
only nonzero Fourier components of β(t) are,
β0 = − iGα
2
max
2(iωm + γ/2)
≈ −Gα2max/2ωm, (17)
β2 = − iGα
2
max
4(3iωm + γ/2)
≈ −Gα2max/12ωm, (18)
β−2 = − iGα
2
max
4(−iωm + γ/2) ≈ Gα
2
max/4ωm, (19)
where the approximated expressions are valid for γ 
ωm, which is compatible with the experimental data. In
order to calculate the effects of the back action and the
added noise due to the coupling of the BEC to the cavity
field, in the next section, we calculate the spectra of the
Bogoliubov mode.
IV. BOGOLIUBOV MODE SPECTRA
To calculate the spectra, we need to write the equations
(15a)-(15d) in the frequency domain by using the Fourier
transform,
A(ω) =
1√
2pi
∫
dtA(t)eiωt, (20)
for A = X,Y,Q, and P . Thus, the Heisenberg-Langevin
equations in the frequency domain are obtained as
−iωX(ω) = −κ
2
X(ω)−∆cY (ω)
+G
∑
n=0,±2
β¯nY (ω + nωm) +
√
κXin(ω), (21a)
−iωY (ω) = −κ
2
Y (ω) + ∆cX(ω)−G
∑
n=0,±2
β¯nX(ω + nωm)
−1
2
Gαmax[2Q(ω) +Q(ω + 2ωm) +Q(ω − 2ωm)]
+
i
2
Gαmax[P (ω + 2ωm)− P (ω − 2ωm)] +
√
κYin(ω),(21b)
−iωQ(ω) = −γ
2
Q(ω) +
√
γQin(ω),
− i
2
Gαmax[X(ω + 2ωm)−X(ω − 2ωm)] (21c)
−iωP (ω) = −γ
2
P (ω) +
√
γPin(ω),
−1
2
Gαmax[2X(ω) +X(ω + 2ωm) +X(ω − 2ωm)], (21d)
where we have defined, β¯n = βn + β
∗
−n for n = 0, 2,−2.
Since we are interested in the linear response of the
Bogoliubov mode, we calculate Q(ω) and P (ω) to the
first order of Gαmax. For this purpose, it is enough to
obtain X(ω) to the zeroth order of Gαmax as
X(ω) = χc(ω)
√
κXin(ω), (22)
where χc(ω) = (
κ
2 − iω)−1 is the optical susceptibility.
Notice that at this level of approximation, the condition
∆′c = 0 is reduced to ∆c = 0. Now, by Substituting Eq.
(22) in equations (21c) and (21d), the Bogoliubov mode
quadratures are obtained to the first order of Gαmax as
Q(ω) =
√
γχm(ω)Qin(ω)
− i
2
Gαmax
√
κχm(ω)[χc(ω + 2ωm)Xin(ω + 2ωm)
− χc(ω − 2ωm)Xin(ω − 2ωm)], (23a)
P (ω) =
√
γχm(ω)Pin(ω)
− 1
2
Gαmax
√
κχm(ω)[2χc(ω)Xin(ω)
+ χc(ω + 2ωm)Xin(ω + 2ωm)
+ χc(ω − 2ωm)Xin(ω − 2ωm)], (23b)
where χm(ω) = (
γ
2−iω)−1 is the Bogolibov mode suscep-
tibility. Using these equations and the Fourier transform
of correlation functions (8) the Bogoliubov spectra can
be evaluated.
The stationary part of the spectrum which is defined
as [33]
SA(ω) = lim
T→∞
∫ T/2
−T/2
dtSA(ω, t); (24a)
SA(ω, t) =
1
2
∫ ∞
−∞
dτeiωτ 〈A(t)A(t+ τ) +A(t+ τ)A(t)〉 ,
(24b)
6leads to the following expression for the spectrum of the
observable Q by using Fourier transform (20)
SQ(ω) =
γ
2
|χm(ω)|2
{
1 + 2n¯thb + 2nbad(ω)
}
, (25)
where nbad(ω) is defined as
nbad(ω) =
κ
8γ
(Gαmax)
2[|χc(ω+2ωm)|2 +|χc(ω−2ωm)|2].
(26)
This expression shows the number of quanta in the fre-
quency domain which is added to the spectrum of Q due
to the interaction with the cavity field. Indeed, nbad
corresponds to the back-action noise injected to the Q
spectrum arising from the coupling of the Bogoliubov
mode of the BEC to the probe system. The subscript
bad refers to the bad-cavity limit. Notice that in the
limit of κ  ωm, i.e., in the good-cavity limit, nbad at
resonance is approximated as nbad(0) ≈ κ(Gαmax)
2
16γω2m
, which
goes to zero. It shows that the interaction-induced noise
can be neglected in this limit and therefore we can do a
back-action evading measurement on Q. As we will see in
the next section, the important advantage of the hybrid
system consisting of a BEC in comparison to the bare op-
tomechanical systems is that the effective frequency ωm
of the Bogoliubov mode can be controlled by ωsw such
that nbad can be decreased by increasing ωsw.
On the other hand, the spectrum of the conjugate op-
erator, P is given by
SP (ω) =
γ
2
|χm(ω)|2
{
1 + 2n¯thb + 2nbad(ω) + 2nBA(ω)
}
,
(27)
where
nBA(ω) =
κ
2γ
(Gαmax)
2|χc(ω)|2, (28)
is the back-action noise added to the observable P . In
the good cavity limit, nBA at resonance is approximated
as nBA(0) ≈ 2κγ (Gαmax)2 which is much greater than
nbad(0) as is expected from the uncertainty relation.
As has been mentioned before, the probe operator is
the phase quadrature of the cavity field, i.e., Y . It means
that to measure the QND variable, i.e., Q, one has to do
a Homodyne measurement on the phase quadrature of
the output field. Thus in order to show the possibility
of back-action evading measurement of Q and obtain the
necessary conditions, in the following we calculate the
SYout(ω).
V. OUTPUT SPECTRUM
The phase quadrature of the output field is given by
Yout = Yin −
√
κY [2]. Thus by using the equation (21b)
we get
Yout(ω) = [1− κχc(ω)]Yin(ω)
+G
√
κχc(ω)
∑
n=0,±2
β¯nX(ω + nωm)
+
1
2
Gαmax
√
κχc(ω)[2Q(ω) +Q(ω + 2ωm)
+Q(ω − 2ωm)]
− i
2
Gαmax
√
κχc(ω)[P (ω + 2ωm)− P (ω − 2ωm)].(29)
Therefore, the output spectrum can be written as follows
SYout(ω) = |G(ω)|2A(ω)
[
1
2
+ n¯thb + nadd(ω)
]
, (30)
where, we have defined
G(ω) = √κGαmaxχc(ω), (31)
A(ω) = γ|χm(ω)|2
+
γ
2
[|χm(ω + 2ωm)|2 + |χm(ω − 2ωm)|2]. (32)
The function, G(ω) is called the gain coefficient in some
literature [27] because the output spectrum can be writ-
ten as SYout(ω) = |G(ω)|2{SQ(ω) + S1(ω)} [? ], which
shows that the spectrum of the phase quadrature of the
output field relates to the Q spectrum by the coefficient
G(ω). Furthermore, the added noise in the equation (30)
is given by
nadd(ω) =
1
2|G(ω)|2A(ω) + nbad(ω)
+
γnBA(ω)
4A(ω)
[|χm(ω + 2ωm)|2 + |χm(ω − 2ωm)|2]
+
κ
2α2maxA(ω)
{
β¯20 |χc(ω)|2
+ β¯2β¯−2[|χc(ω + 2ωm)|2 + |χc(ω − 2ωm)|2]
}
,(33)
which represents the increase in the number of the optical
field quanta due to the measurement. The SQL is deter-
mined by nadd(ω) = 1/2, so that if nadd(ω) < 1/2 it is
said that the SQL has been beaten [55, 56] and the mea-
surement is an ultra-precision measurement. To find the
conditions for beating the SQL we write the on-resonance
added noise in the regime of γ  ωm, κ as
nadd(0) ≈ 1
16nBA(0)
+
1
8
( κ2
4ω2m + κ
2/4
)
nBA(0). (34)
Since nBA in this expression depends on ηmax, we can
find the optimum value for the pump amplitude which
minimizes the added noise as
ηoptmax =
[
γ(ω2m + κ
2/4)
√
4ω2m + κ
2/4
2
√
2G2
]1/2
. (35)
7Besides, the minimum value of the added noise at reso-
nance which occurs at ηmax = η
opt
max is given by
nminadd (0) ≈
√
2
4
κ√
κ2 + 16ω2m
. (36)
As is seen from equation (36), the minimum value
of the on-resonance added noise is always smaller than
1/2 for the optimized value of the pump amplitude,
i.e., the SQL is beaten anyway. Nevertheless, nminadd (0)
can be decreased much below the SQL by increasing
the effective frequency of the Bogoliubov mode. Since
ωm =
√
(4ωR +
1
2ωsw)(4ωR +
3
2ωsw), one can decrease
nminadd (0) by increasing ωsw which itself can be controlled
by the transverse frequency of the optical trap [57]. The
interesting point is that even in the bad cavity limit the
added noise can be less than the SQL. However, the larger
the ratio of ωm/κ, the smaller the added noise and there-
fore the more precise the measurement is.
VI. RESULTS AND DISCUSSION
In this section, we discuss the results obtained in
the previous section based on the experimentally fea-
sible data given in [52]. For this purpose, in all the
following plots we consider a BEC of 87Rb consisting
of N = 5 × 104 atoms prepared in the 5S1/2 ground
state. The atoms have been trapped in a cavity of length
L = 178µm with a bare frequency ωc = 2.41494×1015Hz
corresponding to a wavelength of λ = 780nm which cou-
ples to the atomic D2 transition corresponding to the
atomic transition frequency ωa = 2.41419 × 1015Hz and
coupling strength g0 = 2pi × 14.1MHz. The recoil fre-
quency of the atoms in the optical lattice of the cavity is
ωR =
~k2c
2ma
= 2pi× 3.77kHz. In addition, the cavity decay
and Bogoliubov damping rates are κ = 2pi × 13MHz and
γ = 0.001κ, respectively.
In figure (2) we have demonstrated the contour dia-
gram of the on-resonance added noise nadd(ω = 0) ver-
sus the normalized s-wave scattering frequency, ωsw/ωR
and the normalized pump amplitude, ηmax/κ. As is
seen, there is a region which is shown by the blue color
in the diagram that the noise level is below the SQL
(nadd(0) < 1/2). This diagram confirms that the Q
quadrature of the BEC can be measured with a preci-
sion beyond the SQL by controlling the parameters of
the hybrid systems, i.e., ωsw and ηmax.
To see more details, in figure (3) we have plotted the
on-resonance added noise nadd(0) versus ηmax/κ in the
region that the SQL is beaten based on the data corre-
sponding to the blue region of figure (2) for four different
values of the ωsw . As is seen from figure (3) and as is
expected from equation (35), for each value of ωsw there
is an optimum value for the pump amplitude which mini-
mizes the added noise. By increasing the s-wave scatter-
ing frequency, the effective frequency of the Bogoliubov
0.5
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FIG. 2. (Color online) Resonant added noise, nadd(0) ver-
sus s-wave scattering frequency ωsw and the maximum pump
amplitude ηmax. The blue region shows the range of the pa-
rameters where the standard quantum limit is beaten.
mode increases which leads to the increase of the opti-
mum value of ηmax based on the equation (35) and the
decrease of the minimum of the added noise nadd(0). In
this way, for lager values of ωsw the minimum of the on-
resonance added noise gets lower.
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FIG. 3. (Color online) The on-resonance added noise versus
ηmax/κ for four different values of ωsw.
On the other hand, in order to show how much the
added noise of measurement in the present hybrid sys-
tem can be decreased below the SQL, in figure (4) we
have plotted nminadd (0), i.e., equation (36), versus the s-
wave scattering frequency for four different values of the
cavity decay rates. It is obviously seen that the minimum
of the added noise decreases with the increase of ωsw for
any value of κ. Nevertheless, the important point is that
for the lower cavity decay rates the decrease of nminadd (0)
is more severe versus ωsw. For example, if the cavity de-
cay rate is of the order of 0.1MHz the minimum of the
added noise can be decreased as low as 0.01 for suffi-
ciently large values of the s-wave scattering frequency. It
is because of the fact that the increase of ωsw makes the
8effective frequency of the Bogoliubov mode increase and
consequently causes the system to go to the good cavity
regime.
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FIG. 4. (Color online) The minimum value of the on-
resonance added noise versus the s-wave scattering frequency
for three different values of cavity decay rates.
It should be emphasized that it is one of the most
important advantages of the hybrid optomechanical sys-
tems consisting of BEC in comparison to the bare
ones, that one can control the effective frequency of the
atomic mode while the mechanical oscillators in the bare
optomechanical systems have fixed natural frequencies
which cannot be changed after fabrication. Therefore,
the controllability of such hybrid systems gives us the
possibility to change the system regime from the bad cav-
ity limit to the good cavity limit through manipulation
of the s-wave scattering frequency.
Furthermore, in order to show the frequency depen-
dence of the added noise of measurement, in figure (5)
we have plotted nadd(ω) for three different values of
the s-wave scattering frequency under the condition of
ηmax = η
opt
max(ωsw) where the on-resonance added noise
is minimized. Here, the green dashed curve corresponds
to ωsw = 0 with η
opt
max = 0.655κ, the red dashed-dotted
curve corresponds to ωsw = 3ωR with η
opt
max = 0.730κ,
and the blue solid curve corresponds to ωsw = 10ωR with
ηoptmax = 0.789κ. As is seen from figure (5a), the absolute
minima of all the curves occur at ω = 0 where the SQL
is beaten. For clarity, in figure (5b) the behavior of the
added noise has been demonstrated in a narrow interval
around ω = 0. As is expected, the absolute minimum of
the on-resonance added noise is decreased by increasing
the s-wave scattering frequency. Besides, the frequency
window that the noise level is below the SQL becomes a
little bit wider.
On the other hand, as is seen from figure (5a), there
are two local minima at ω ≈ ±2ωm for each curve where
the added noise gets small, but nevertheless the SQL is
not surpassed. It is because of the fact that the dominant
term of nadd(ω) is the first term of equation (33) which
corresponds to the contribution of the imprecision noise.
Since the mentioned term is proportional to the inverse
of the coefficient A(ω), it is minimized where A(ω) is
maximized. Based on equation (32), the coefficient A(ω)
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FIG. 5. (Color online) (a) The added noise, nadd(ω) for three
different values of ωsw for the optimum values of the pump
amplitude, ηoptmax, (b) The same diagram in a small range near
the resonance.
which is the response function of the Bogoliubov mode
has one large central peak at ω = 0 and two smaller
peaks at ±2ωm. Therefore, the absolute minimum of the
imprecision noise occurs at ω = 0 while it has larger
minima at ±2ωm. In addition, the absolut minimum of
the imprecision noise at ω = 0, becomes equal to the
contribution of the back-action noise, i.e., the three other
terms in equation (33). That is why the SQL is beaten
just at the absolute minimum of the added, i.e., at ω = 0.
Finally, it should be noticed that there is a one-to-one
correspondence between the amount of splitting between
the normal modes of the transmitted field of the cavity
and the s-wave scattering frequency of the atomic colli-
sions as has been shown in Ref.[53]. In fact, by measuring
the frequency splitting of the two peaks of the phase noise
power spectrum which is experimentally feasible by the
homodyne measurement of the light reflected by the cav-
ity, one can estimate the value of the s-wave scattering
frequency of the atoms. In this way, the effective fre-
quency of the Bogoliubov mode can be measured in terms
of the transverse frequency of the optical trap of the BEC
which can be calibrated based on the the amount of split-
ting between the normal modes of the transmitted field
of the cavity. So, by knowing the effective frequency of
the Bogoliubov mode, one can obtain the optimum value
of the pump amplitude as well as the minimum value of
the on-resonance added noise necessary for a back action
evading measurement through equations (35) and (36),
respectively.
9VII. CONCLUSION
In this paper, by studying the dynamics of an atomic
BEC trapped in an optical cavity which is driven by a
coherent field with a time-dependent amplitude, we have
investigated the two-tone back-action evading measure-
ment scheme for a collective mode of the BEC, the so-
called Bogoliubov mode, which interacts with the radia-
tion pressure of the cavity just like the mechanical oscilla-
tor in a bare optomechanical system. In this scheme, the
quantum system which is going to be measured is the Bo-
goliubov mode while the radiation pressure of the cavity
plays the role of the probe system. We have shown that if
the cavity is driven at the two side bands of the hybrid op-
tomechanical system under the resonance condition with
equal amplitudes and with a specified phase difference,
then in the output of the cavity field a generalized Q-
quadrature of the collective mode of the BEC rotating
at the effective frequency of the Bogoliubov mode can be
measured with the least back-action noise. Although the
mentioned quadrature fulfills the requirements of a QND
variable but the measurement is not an ideal QND one
except for the extreme regime of the good cavity limit
where κ/ωm goes to zero. Nevertheless, it can be con-
sidered as a back-action evading measurement which can
surpass the SQL even in the bad cavity limit.
One of the most important advantages of the hybrid
optomechanical systems consisting of BEC in compari-
son to the bare ones is that the effective frequency of
the Bogoliubov mode is controllable while the mechani-
cal oscillators in the bare optomechanical systems have
fixed natural frequencies which cannot be changed af-
ter fabrication. Therefore, the controllability of such hy-
brid systems gives us the possibility to change the system
regime from the bad to the good cavity limit through ma-
nipulation of the s-wave scattering frequency. Since the
s-wave scattering frequency is controllable through the
transverse frequency of the optical trap of the BEC, the
added noise of measurement can be reduced effectively
through the manipulation of the transverse optical trap.
In the present scheme, the information corresponding
to the QND variable of the collective mode of the BEC
can be read by the phase quadrature of the output field of
the cavity without disturbing the dynamics of the BEC.
Specifically, if the modulation amplitude of the input
laser is fixed at the optimum value which is determined
by the s-wave scattering frequency, the back-action of
measurement on the collective mode of the BEC can be
reduced much below the SQL.
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